On the basis of perturbation theory in fine structure constant α and the ratio of electron to muon masses we calculate one-loop vacuum polarization, electron vertex corrections, nuclear structure and recoil corrections to hyperfine splitting of the ground state in muonic lithium ions (µ e 6 3 Li) + and (µ e 7 3 Li) + . We obtain total results for the ground state small hyperfine splittings in (µ e 6 3 Li) + ∆ν 1 = 21572.16 MHz and ∆ν 2 = 14152.56 MHz and in (µ e 7 3 Li) + ∆ν 1 = 21733.06 MHz and ∆ν 2 = 13994.35 MHz which can be considered as a reliable estimate for a comparison with future experimental data.
I. INTRODUCTION

Muonic lithium ions (µ e
6 3
Li)
+ and (µ e 7 3 Li) + represent simple three-body atomic systems consisting of one electron, negative charged muon and positive charged nucleus 6 3 Li or 7 3 Li. A lifetime of muonic atoms is determined by muon lifetime τ µ = 2.19703(4)·10 −6 s. It is greater than the time of atomic processes, so, the muon has a time to make a number of transitions between energy levels which are attended by γ-radiation. These three-particle systems have complicate ground state hyperfine structure which appears due to the interaction of magnetic moments of the electron, muon and nucleus. Light muonic atoms represent a unique laboratory for precise determination of nuclear properties such as the nuclear charge radius [1, 2] . In last years we observe an essential progress achieved by the CREMA (Charge Radius Experiment with Muonic Atoms) collaboration in the study of the energy structure in muonic hydrogen. The measurement of the Lamb shift (2P − 2S) and hyperfine splitting of 2S-state allows to find more precise value of proton charge radius r p = 0.84087(39) fm, the Zemach radius r Z = 1.082(37) fm and magnetic radius r M = 0.87(6) fm. Similar measurements are performed also in the case of muonic deuterium and ions of muonic helium and planned for a publication. Light muonic atoms are important for the check of Standard Model and bound state theory in quantum electrodynamics, for search of exotic interactions of elementary particles. Thus, for example, muonic systems can be used for the search of Lorentz and CPT symmetry violations [3] .
Hyperfine splitting (HFS) of the ground state of muonic helium atom (µ e 3 2 He) was measured many years ago with sufficiently high accuracy in [4] . This is the only experiment with muonic three-particle systems. In turn theoretical investigations of the energy spectrum of muonic helium atom and other three-particle systems achieved much successes in two directions [5] [6] [7] [8] [9] [10] [11] [12] . First approach in [5, 6, 10] is based on the perturbation theory (PT) for the Schrödinger equation. In this case there is analytical solution for three-particle bound state wave function in initial approximation. Using it a calculation of different corrections to HFS can be performed. Another approach in [8, 9, 11, 13, 14] is built on the variational method which allows to calculate numerically the energy levels in three-particle systems with high accuracy. In order to find an arrangement of the low lying energy levels with high precision we should take into account different corrections to particle interaction operator. First of all these corrections are related with recoil effects, vacuum polarization and nuclear structure effects. The program of hyperfine splitting calculation in muonic helium atom including excited state was realized in [5, 6, [9] [10] [11] 15] . In this work we aim to extend that approach on muonic lithium ions which represent potentially an interest for experimental study. So, the purpose of this paper is to provide a detailed calculation of hyperfine splittings for the systems (µ e ++ and muonic lithium ion looks as a two-particle system in the first approximation. Three-particle bound system (µ e 6,7 3 
+ is described by the Hamiltonian:
where x µ and x e are the muon and electron coordinates relative to the lithium nucleus, M e = m e M Li /(m e + M Li ), M µ = m µ M Li /(m µ + M Li ) are the reduced masses of subsystems (e 6,7
3 Li) ++ and (µ 6,7
3 Li) ++ . The Hamiltonian terms ∆H V P , ∆H str and ∆H vert which describe vacuum polarization, structure and vertex corrections are constructed below. In initial approximation the wave function of the ground state has the form: Ψ 0 (x e , x µ ) = ψ e0 (x e )ψ µ0 (x µ ) = 1 π (6α 2 M e M µ ) 3/2 e −3αMµxµ e −2αMexe .
Basic contribution to hyperfine interaction in the ground state of (µ e 6,7
3 Li) + is determined by the following Hamiltonian:
where g e , g µ and g N are gyromagnetic factors of the electron, muon and nucleus. Total spin of three spin particles can be either 2, 1 and 0 for (µ e + . Hyperfine splitting of the energy levels in muonic lithium ions is determined by the following matrix elements:
where the spin-space expectation values can be calculated using the following basis transformation [16] : S N µ is the spin in muon-nucleus subsystem, S N e is the spin in electron-nucleus subsystem, S is total angular momentum. The properties of 6j-symbols also can be found in [16] . As it follows from (4)-(5) basic contributions to coefficients a, b and c are the following:
where < ... > denotes the expectation value in coordinate space over wave functions (3) . We have to take into account numerical values of gyromagnetic factors g e = 2 for the b coefficient, g e = 2(1 + κ e ) = 2(1 + 1.15965218111(74) · 10 −3 ) for the c coefficient, 
) for the ion (µ e , S N µ = 1), (S = 3 2 , S N µ = 1), (S = 3 2 , S N µ = 2), (S = 5 2 , S N µ = 2) for the ion (µ e + . After its diagonalization we obtain four energy eigenvalues ν i . In the case of muonic lithium ions we have relations a ≫ b and a ≫ c. So, small hyperfine splitting intervals ∆ν i related to the experiment can be written with good accuracy in simple form:
For angular momentum of muon-nucleus subsystem S µN = 3/2 and S µN = 1/2 (µ e The same situation is valid for hyperfine splitting intervals (9) for (µ e 7 3 Li) + . Schematic diagram of hyperfine splittings in muonic lithium ions is presented in Fig. 1 In first order perturbation theory (PT) basic contributions to the coefficients b and c (7) can be calculated analytically using (3) 
3m e m µ = 36140.290 MHz 36141.701 MHz ,
where we have extracted in square brackets the Fermi energy ν F , muon anomalous magnetic moment correction κ µ ν F and recoil terms. Their corresponding numerical values for two lithium ions are presented in Table I .
Note, that, as we determine contributions to the energy spectrum numerically, corresponding results are presented with an accuracy of 0.001 MHz. We express further the hyperfine splitting contributions in the frequency unit using the relation ∆E hf s = 2π ∆ν hf s . Modern numerical values of fundamental physical constants are taken from [17] [18] [19] : the electron mass m e = 0.510998928(11) · 10 −3 GeV, the muon mass m µ = 0.1056583715(35) GeV, fine structure constant α −1 = 137.035999074(44), the proton mass m p = 0.938272046(21) GeV, magnetic moments of Li nucleus in nuclear magnetons: µ( Using basic relations obtained in [5] for muonic helium atom we present here corresponding results for muonic lithium ions. A part of such corrections appears already in (10) . In second order PT we also have the contribution to hyperfine splitting which contains necessary order corrections. The correction to the coefficient b is the following:
where the reduced Coulomb Green's function has the form:
Dividing the sum over muon states into two parts with n = 0 and n = 0 we obtain for the first part:
For the further integration in (14) over coordinates we use compact expression of the electron reduced Coulomb Green's function obtained in [20] :
where
. is the Euler's constant and Ei(x) is the exponential-integral function. The result of coordinate integration in (14) can be written as an expansion in M e /M µ :
Second contribution to b corresponding to muon excited states is equal to
where the electron Coulomb Green's function
The term (−α/x 1 ) does not contribute due to the orthogonality of muon wave functions. In order to make analytical integration in (18) we use a replacement of G e by free electron Green's function [5] :
where β = 2M e (E µn − E e0 − E µ0 ). Moreover, we replace the electron wave functions in (18) by their values at the origin ψ e0 (0). The omitted in this approximation terms can give contributions of second order in
Me Mµ
. The results of numerical integration presented in [5] for muonic helium show that these corrections are numerically small. After used approximations an analytical integration over coordinate x 1 gives the result:
where an expansion of the exponent e −β|x 2 −x 3 | over β|x 2 − x 3 | is used. It is equivalent to an expansion in powers of M e /M µ . Whereas the first term β −1 does not contribute, the second term in (19) 
. In addition the third term in (21) leads to the following integral:
where we define
Discrete and continuum states contributions to (23) are equal correspondingly [21, 22] :
(n + 1)
Summing corrections in the first and second order PT we obtain total recoil correction to the coefficient b in order α 4 :
There are similar contributions to the coefficient c in second order PT. In order to obtain it we have to use ∆H hf s
δ(x e ) in general expression (12) . After evident simplifications recoil correction to c can be written as
Appearing here the electron reduced Green's function with one zero argument has a form:
(27) The result of analytical integration is presented as an expansion in M e /M µ :
III. EFFECTS OF THE VACUUM POLARIZATION
The vacuum polarization (VP) effects lead to the appearance of new terms in the Hamiltonian which we denote ∆H V P in (1). The ratio of the electron Compton wave length to the Bohr radius in the subsystem (µ 6,7 3 Li) ++ : Zm µ α/m e = 2.96185 . . . is not small value. So, we can not use for the calculation of VP effects an expansion over α. In this section we present a calculation of vacuum polarization corrections to hyperfine structure in the first and second orders of perturbation theory. A modification of the Coulomb potentials due to VP effects is described by the following relations [23, 24] :
where x eµ = |x e − x µ |. They give contributions to hyperfine splitting in the second order perturbation theory and are discussed below. In the first order perturbation theory the contribution of the vacuum polarization is connected with a modification of hyperfine splitting part of the Hamiltonian (4) (the amplitude in Fig. 2(a) ). In the coordinate representation it is determined by the integral expressions [25] :
Averaging the potential (32) over the wave function (3) we obtain the following contribution to the coefficient b:
There are two integrals over the muon and electron coordinates in (34) which can be calculated analytically:
They are divergent separately in the subsequent integration over the parameter ξ. But their sum is finite and can be written in the integral form: 
The order of this contribution is determined by two small parameters α and M e /M µ which are written explicitly. The correction b vp is of the fifth order in α and the first order in M e /M µ . The contribution of the muon vacuum polarization to hyperfine splitting is negligibly small. One should expect that two-loop vacuum polarization contributions to the hyperfine structure are suppressed relative to the one-loop VP contribution by the factor α/π. This means that at present level of accuracy we can neglect these corrections because their numerical value is small. Higher orders of the perturbation theory which contain oneloop vacuum polarization and the Coulomb interaction (2) lead to the recoil corrections of order ν F α . Such terms are included in the theoretical error. Similar contribution to the coefficient c of order α 6 can be found analytically using the potential (33) (α 1 = 2αM e /m e ):
Let us consider corrections of the electron vacuum polarization (29)- (31) in the second order perturbation theory (SOPT) (the amplitude in Fig. 2(b) ). The contribution of the Coulomb electron-nucleus interaction (29) to the hyperfine splitting can be written as follows:
where the indices at the coefficient b indicate vacuum polarization contribution (VP) in the second order PT (SOPT) when the electron-nucleus Coulomb VP potential is considered. The summation in (39) is carried out over the complete system of the eigenstates of the electron and muon excluding the state with n, n ′ = 0. The computation of the expression (39) is simplified with the use of the orthogonality condition for the muon wave functions:
x< 2Me 3Mµ
It is necessary to emphasize that the transformation of the expression (39) into (40) is carried out with the use of (16). The contribution (40) has the same order of the magnitude O(α 
The vacuum polarization correction to HFS which is determined by the operator (31) in the second order perturbation theory is the most difficult for the calculation. Indeed, in this case we have to consider the intermediate excited states both for the muon and electron. We have divided total contribution into two parts. The first part in which the intermediate muon is in the 1S-state can be written as:
where the function V V P µ (x 1 ) is equal
After substitution (43) into (42) numerical integration gives the result:
Second part of the vacuum polarization correction to the hyperfine splitting due to the electron-muon interaction can be presented as follows:
where we have replaced exact electron Coulomb Green's function by free electron Green's function. We also replace the electron wave functions by their values at the origin neglecting higher order recoil corrections. After that the integration over x 1 can be done analytically:
12m 2 e ξ 2 + ... , where we perform an expansion of the first exponent in square brackets in powers of β|x 3 − x 2 |. For further transformation the completeness condition is useful:
The wave function orthogonality leads to the zero results for the second and fifth terms in the square brackets of (46). The first term in (46) gives the leading order contribution in two small parameters α and M e /M µ (γ = m e ξ/3αM µ ):
Numerical value of the sum b 11 + b 12 is included in Table I . It is important to calculate also the contributions of other terms of the expression (46) to the hyperfine splitting. Taking the fourth term in (46) which is proportional to β 2 = 2M e (E µn − E µ0 ) we have performed the sequence of transformations in the coordinate representation:
Evidently, we have the divergent expression in (50) due to the presence of the δ-function.
The same divergence occurs in the other term containing β 2 in the square brackets of (46). But their sum is finite and can be calculated analytically with the result:
Numerical value of this correction is essentially smaller than the leading order term. Other terms in (46) give negligibly small corrections. The Coulomb vacuum polarization (29) does not contain the muon coordinate, so, its contribution to the coefficient c in the second order PT can be derived taking n = 0 for the muon state in the Coulomb Green's function. Moreover, the δ(x e ) function in (4) leads to the appearance of the electron Green's function with one zero argument. Corresponding value of hyperfine splitting is equal 
The vacuum polarization in the Coulomb (µ − N) interaction does not contribute to c in SOPT because of the orthogonality of the muon wave functions. Let us consider correction to the coefficient c which arises from (31) in SOPT. Only intermediate muon state with n = 0 in the Green's function gives the contribution in this case. Using (27) we make integration over electron coordinates and present this correction in the form (γ = m e ξ/3αM µ ,
There exist another contributions of the second order perturbation theory in which we have the vacuum polarization perturbation connected with hyperfine splitting parts of the Breit potential (32)-(33) (see Fig. 3 ). Other perturbation potential in this case is determined by the first term of relation (2) . We can divide the HFS correction of (33) into two parts. One part with n = 0 corresponds to muon ground state. The other part with n = 0 accounts for excited muon states. The δ-function term in (32) gives the following contribution to HFS at n = 0: b
Obviously, this integral in the variable ξ is divergent. So, we have to consider the contribution of the second term of the potential (32) to hyperfine splitting which is determined by more complicated expression:
where ∆V 1 (x 3 ) is defined in (43) and ∆V 2 (x 1 ) in (15) . Integrating in (55) over all coordinates we obtain the following result in the leading order in the ratio (M e /M µ ):
This integral also has the divergence at large values of the parameter ξ. But the sum of integrals (54) and (56) is finite:
vp, SOP T (n = 0)+b
(57) Let us consider now the terms in the coefficient b with n = 0. The delta-like term of the potential (33) gives the following contribution to the HFS:
Another correction from the second term of the expression (33) can be simplified after the replacement of exact electron Green's function by free electron Green's function:
Analytical integration in (59) over all coordinates leads to the result:
(60) The sum of expressions (58) and (60) gives again the finite contribution to the hyperfine splitting: b
Absolute values of calculated VP corrections (38), (42), (44), (45), (47), (57), (61) are sufficiently large , their summary contribution to the hyperfine splitting (see Table I ) is small because they have different signs. The hyperfine splitting interaction (33) gives the contributions to the coefficient c in second order PT. Since the muon coordinate does not enter into the expression (33), we should set n = 0 for the muon intermediate states in the Green's function. The initial formula for this correction is
The integration over x 3 can be done analytically as in (15) . Then it is useful to divide (62) into two parts. The coordinate integration in the first term with the δ -function is performed by means of (28) . In the second term of (62) we use the electron Green's function in the form (16) . The summary result can be presented in the integral form in the leading order in M e /M µ :
IV. NUCLEAR STRUCTURE AND RECOIL EFFECTS
Another set of significant corrections to hyperfine splitting of muonic lithium ions which we study in this work is determined by the nuclear structure and recoil [26] [27] [28] [29] [30] . We describe the charge and magnetic moment distributions of Li nucleus by means of two form factors G E (k 2 ) and G M (k 2 ) for which we use the dipole parameterization:
where the parameter Λ is related with the nucleus charge radius r N : Λ = √ 12/r N . In 1γ -interaction the nuclear structure correction to the coefficient c is determined by the amplitudes shown in Fig. 4 . Purely point contribution in Fig. 4(b) leads to the HFS value (11) . Then the nuclear structure correction is given by Two-photon (e − N) interaction amplitudes (see Fig. 5) give the contribution to HFS of order α 5 . It can be presented in terms of the form factors G E and G M with the account of subtraction term as follows: [29, 31] :
where the subtraction term contains magnetic form factor G M (p). Using the dipole parameterization (64) we can present last integral in analytical form:
Other parts of the iteration contribution
str are used in the second order PT (see Fig. 6 ).G The nuclear structure corrections to the coefficient c in second order PT are presented in Fig. 6 . Here we have two different contributions. First contribution is related with amplitudes in Fig. 6(a,b) when hyperfine part of one perturbation is determined by magnetic form factor G M and the other perturbation is described by the nucleus charge radius r N :
The general integral structure of this correction and its numerical value are as follows (a 2 = 4αM e /Λ):
Numerical value of the contribution c e−N 1,str, SOP T is obtained by means of the charge radii of nucleus 6, 7 3 Li r( 6 3 Li) = 2.589(39) fm and r( 7 3 Li) = 2.444(42) fm [32] . The second nuclear structure contribution from amplitudes in Fig. 6(c,d) is evaluated by means of the potential ∆H (2) and the nucleus magnetic form factor. For the amplitude in Fig. 6(c) we make the integration over the muon coordinate in the muon state with n = 0 and present the correction to the coefficient c in the form (a 3 = 6αM µ /Λ):
Subtracting the point contribution c 1 (28) we find 
There is the nuclear structure contribution to the coefficient b in second order PT which is presented in Fig. 7 . If we consider the Coulomb interaction between the muon and nucleus, then the structure correction takes on the form:
After that an analytical integration over the coordinate x 3 in (72) can be carried out using the representation of the muon Green's function similar to expression (27) . The result of the integration of order O(α 6 ) is written as an expansion in the ratio M e /M µ :
The same approach can be used in the calculation of the structure correction to electronnucleus interaction. The electron feels as well the distribution of the nucleus electric charge. The corresponding contribution of the nuclear structure effect to hyperfine splitting is determined by the expression:
Performing an analytical integration in (74) we obtain the following series:
(75) We have included in Table I total nuclear structure contribution to the coefficient b which is equal to the sum of numerical values (73) and (75).
Special attention has to be given to the recoil corrections connected with two-photon exchange diagrams shown in Fig. 8 in the case of the electron-muon interaction. The leading order recoil contribution to the interaction operator between the muon and electron is determined by the expression [9, 23, 33 Averaging the potential ∆V hf s rec,µ−e over the wave functions (3) we obtain the recoil correction to the coefficient b:
There exist also two-photon interactions between the bound particles of muonic lithium ions when one hyperfine photon transfers the interaction from the electron to muon and another Coulomb photon from the electron to the nucleus (or from the muon to the nucleus). Supposing that these amplitudes give smaller contribution to hyperfine splitting we included them in the theoretical error. The first-order recoil correction O(M e /M Li ) has a contribution from intermediate states in which the muon and electron are excited to P-states:
In order to present an analytical estimate of this correction we transform (78) as in section II introducing free electron Green's function:
After that the integration over x 1 and expansion in b (or in M e /M µ ) give the result:
Taking first term in square brackets in (80) we make the angular integration and introduce the dimensionless variables in integrals with radial wave functions:
(81) Two contributions of discrete and continuous spectrum are the following:
The calculation of second term in square brackets in (80) is essentially simpler and gives the result
V. ELECTRON VERTEX CORRECTIONS
In the initial approximation the potential of hyperfine splitting is determined by (4) . It leads to the energy splitting of order α 4 . In QED perturbation theory there is the electron vertex correction to the potential (4) which is defined by the diagram in Fig. 9(a) . In momentum representation the corresponding operator of hyperfine interaction has the form:
is the electron magnetic form factor. We extracted for convenience the factor
The usual approximation for the electron magnetic form factor
M (0) = 1 + κ e is not sufficiently accurate for the case considered here. Indeed, characteristic momentum of the exchanged photon is k ∼ αM µ . It is impossible to neglect it in the magnetic form factor as compared with the electron mass m e . So, we should use exact one-loop expression for the magnetic form factor [24] . Trying to improve the estimation of the correction due to the electron anomalous magnetic moment we will use further exact one-loop expression for the Pauli form factor g(k 2 ) known from the QED calculation (see [24] 
. Note that the electron form factor corresponding to the anomalous magnetic moment is denoted frequently by F 2 .
Using the Fourier transform of the potential (85) and averaging the obtained expression over wave functions (4) we represent the electron vertex correction to hyperfine splitting as follows: M (k 2 = 0) then the electron vertex correction is equal 41.959 MHz. So, using the exact expression of the electron form factor in the one-loop approximation we observe the 1 MHz decrease of the vertex correction to the hyperfine splitting from 1γ interaction. Taking the expression (85) as an additional perturbation potential we have to calculate its contribution to HFS in the second order perturbation theory (see the diagram in Fig 9(b) ). In this case the dashed line represents the Coulomb Hamiltonian ∆H (2) . Following the method of the calculation formulated in previous sections we divide again total contribution from the amplitude in Fig. 9 (b) into two parts which correspond to the muon ground state (n = 0) and muon excited intermediate states (n = 0). In this way the first contribution with n = 0 takes the form:
where V µ (x 1 ) is defined by (15) and
Substituting the electron Green's function (28) in (88) we transform desired relation to the integral form:
x < = 0.054 MHz 0.054 MHz All integrations over the coordinate x 1 , x 3 are carried out analytically and last integrations in k is performed numerically. We omit here intermediate expression before the integration in k because of its bulky form. The second part of the vertex contribution ( Fig. 9(b) ) with n = 0 can be reduced to the following form after several simplifications which are discussed in section II:
We divide expression (90) into two parts as provided by two terms in square brackets of (90).
After that the integration in (90) over coordinates x 1 and x 3 is carried out analytically. In the issue we obtain (γ 2 = m e k/6αM µ ): 
VI. CONCLUSIONS
In this work we have performed the analytical and numerical calculation of hyperfine splitting intervals in muonic lithium systems (µ e 6,7 3 
Li)
+ on the basis of perturbation theory method suggested previously in the case of muonic helium in [5] . To increase the accuracy of the calculation we take into account several important corrections to hyperfine splitting of the ground state of orders α 5 and α 6 connected with the vacuum polarization, nuclear structure, recoil effects and electron vertex corrections. Numerical values of different contributions to hyperfine structure are presented in Table I .
Let us list a number of basic features of the calculation.
1. Muonic lithium atoms have a complicated hyperfine structure which appears due to the interaction of magnetic moments of three particles. We investigate small hyperfine splittings which can be important for experimental study.
2. In this problem there are two small parameters of fine structure constant and the ratio of particle masses which can be used for a construction of the perturbation interactions. Basic contributions appear in orders α 4 , α 5 and α 6 with the account of first and second order recoil effects.
3. The vacuum polarization effects are important in order to obtain theoretical splittings with high accuracy. They give rise to the modification of the two-particle interaction potential which provides the α 5 Me Mµ -order corrections to the hyperfine structure. We take into account the vacuum polarization corrections in first and second orders of perturbation theory.
4. The electron vertex corrections to the coefficient b should be considered with the exact account of the one-loop magnetic form factor of the electron because the characteristic momentum incoming in the electron vertex operator is of order of the electron mass.
5. Nuclear structure corrections to the ground state hyperfine splitting are expressed in terms of electromagnetic form factors and the charge radius of two Li nuclei.
6. Relativistic correction is obtained by means of the expression from [6] :
which gives contributions to both coefficients b and c (see Table I ).
Using total numerical values of coefficients b and c presented in Table I we find the following hyperfine splittings for muonic lithium ions: ∆ν 1 (µ e [12] but the difference amounts to several MHz. As it follows from the calculation in [12] only expectation values of the delta-functions are taken into account with very high accuracy, but different corrections to the leading order Hamiltonian were omitted. So, we consider that the difference between our results and the paper [12] is related with relativistic, vacuum polarization, structure and recoil corrections to hyperfine splittings taken into account in our work. Obtained numerical contributions to the coefficients b and c in Table I evidently demonstrate this conclusion.
The estimate of theoretical uncertainty can be done in terms of the Fermi energy ν F and small parameters α and the ratio of the particle masses. On our opinion, there exist several main sources of the theoretical errors. First of all, as we mentioned above in section II the recoil corrections of order M 2 e /M 2 µ are not taken into account exactly because of a replacement of the electron Green's function by free one. Numerically this contribution can give 0.88 MHz. The second source of the error is related to contributions of order α 2 ν F which appears both from QED amplitudes and in higher orders of the perturbation theory. In the case of two-particle bound states these corrections were calculated in [30, [34] [35] [36] . Considering that they should be studied more carefully for three-particle bound states we included a correction α 2 ν F ≈ 1.92 MHz in theoretical error. Another part of theoretical error is determined by two-photon three-body exchange amplitudes mentioned above. They are of the fifth order over α and contain the recoil parameter (m e /m α ) ln(m e /m α ), so that their possible numerical value can be equal ±0.22 MHz. Thereby, total theoretical uncertainty is not exceeded ±2.13 MHz. To obtain this estimate we add the above mentioned uncertainties in quadrature.
